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MATHEMATICAL QUESTIO NS IN PROBLEMS OF INTERACTION
BETWEEN SURFACE AND UNDERGROUND WATERS

S.N. Antontsev
CMAF-CIO, University of Lisbon, Portugal
Lavrentyev Institute of Hydrodynamics SB RAS, NovosibirshaiE snantontsev@fc.ul.pt, antontsevsn@mail.ru

1. Introduction

| got acquainted with Academan O.F.Vasiliev (atthat time a professor) in 1964 at then@o
puting Center of the Siberian Branch of Russian Academy of Sciences. In that period the central
press was delivering an abundant information on the Novosibirsk Akademgorodok, the city of sc
ence created by Academaci M.A. Lavrentyev. That was the place where new scientific directions
and novel forms of interaction between the university and the research institutes were forming. In
the autumn of 1964 a group of senior students from the Kazan State University atrAdeate-
mgorodok for training and preparing the diploma. | was destined to the Computing Center at the
department of Academician N.NManenko (at that time a professor). This was the period when the
Computing Center of the Siberian Branch of Academy oér&as in collaboration with theed
partment of applied hydrodynamics at the Lavrentyev Institute of hydrodynamics (IGIL) started an
active work on the numerical solving of the problems of mechanics and hydrodynamics with free
boundaries, including appliedgblems of hydraulics and hydrology. At the seminars at the depar
ment of N.N.Yanenko active scientific discussions were carrying on on the creation of numerical
methods for solving the freeboundary problems. The directors of my diploma, which was devoted
numerical solving of the problem of spillway, meethe future Academicians N.Manenko and
O.F.Vasiliev, and the associatgaofessor B.GKuznetsov. N.NYanenko was prone to use the
hydrodynamics mathematical models which were more suitable fetadledl consideration of the
processes under study. Professor O.F. Vasiliev, the head of the laboratory of applied hydrodynamics
at the Lavrentyev Institute of Hydrodynamics was supporting application of hydraulics models,
which enable one to describe thiglects of higher dimension (rivers, channels, lakes, river basins).
Later on, the department of applied hydrodynamics at IGIL became a leading scientific group of the
whole country in the topics related to numerical solving of applied problems in hydrathe
seminars of N.N. Yanenko were always creative and with ardent discussions. A very actiwe partic
pant of these discussion was the member of the department of applied hydrodynamics of IGIL
S.M. Shugrin, who later became a reviewer of my diploma. réselts of numerical calculation of
the spillway problem were presented at the SeAraerican Simposium (Novosibirsk, 1965) and
published in [1]. The second stage of my collaborationwith @aBiliev started at 1976 when |
joined the department of appidnydrodynamics at IGIL as the head of the laboratory of filtration.
Oleg Fedorovich proposed me to engage in construction of the mathematical models anat the alg
rithms of numerical solving of the problems of joint flows of the surface and undergrournd.wate
This direction was actively supported by Ovasiliev, including in the period of his work at the
International Institute of System Analysis (Vienna, Austria), as well as by Academician
P.Ya.Kochina and Academician N.Wloiseev at the Computing Centef the URSS Academy of
Sciences, Moscow.

A rapid development of research in this direction started in IGIL, especially after coming of
A.A. Kashevarov in 1981. He started developing the mathematical models of interaction between
the filtration and wateaurse flows and creating the algorithms for their numerical simulation. In
1986 A.A.Kashevarov successfully defended his thesis for the degree of Candidate of Physical and
Mathematical Sciences. This very year in the Siberian division of the editoriabNla@ mon-
graph [6] was published. The monograph contained a ficatethose times approach to the miat
ematical modeling of interconnected processes of filtration and hydraulics, which was based on the
method of decomposition of boundarglue problemsThe field of research was extended to the
models of quality of underground and surface waters, which allowed one to describe the transport of
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salt taking into account physical and chemical processes in the seadatiogystem. In 2000

A.A. Kashevarov wa invited by Prof. S.N. Antontsev to visit Portugal, where his results rose inte
est at the National Laboratory of Civil Engineering, Lisbon, and the Center for Mathematics and
Fundamental Applications at the University of Lisbon. It is worth mentioniagkbth institutions

keep warm memories of the visit of OVasiliev to Lisbon and his presentations. In 2001
A.A. Kashevarov successfully defended the thesis for the degree of Doctor of Physical agd Math
mati cal Sciences. K a s tt baveagaimed @opulantyin Russia and abto&di s
and possess a high potential for the further development. The mathematical models proposed in
IGIL have led to qualitatively new mathematical problems in the field of differential equatiens. B
low we briefly ilustrate some aspects of these problems. It is well known that one of the central i
sues of the Mathematical Environment is the study of general mathematical models for the hydr
logical cycle (MMHC) obtained trough the consideration of mass transpordealavith other
connected physical processes arising in the coupling of the different type of water flows: surface,
soil and ground waters. The water exchange models (MMHC) take into account many difterent fa
tors as, for instance: water flows in confinead unconfined aquifers, vertical moisture migration
with allowing earth surface evaporation, ogdrannel flow simulated by ordimensional hydna

lic equations, transport of contamination, etc. These models may have different levels of sephistic
tion leadng, in any case, to different systems of nonlinear partial differential equations. Sane illu
tration of the hydrological cycle and a possible grid used in numerical simulation are presented in
the Fig. 1. Some example of the vertical and horizontal sectié the spatial modelling area are
presented ithe Fig. 2-4.

Fig. 1

Uertical section of flow region.
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Fig. 3 Fig. 4

The mathematical treatment of such type of models (of a great diversity) started in the second
half of the past century (see, for instance3[®, 10-12], [15-26], [2830], [33-35] and their refe
ences). The study of these mathematical models and their numerical approximation hasiead to i
portant theoretical advances in the study of nonlinear partial differential equations (very often of
mixed and dgenerate type). The mathematical results can be of a very different nature: questions
concerning the mathematical welbssedness of the models (such as the existence and uniqueness
of some suitable notion of solution), the study of the qualitative piiepef such solutions (as, for
instance, the asymptotic behavior with respect to time and spatial variables), the stabilitp-and co
tinuous dependence with respect to initial data and physical parameters, etc.

In the paper we shall illustrate the type aithematical singularities which may appear by-co
sidering a simple model on the coupling of a surface flow of surface and ground waters with the
flow of a line channel or river. After some comments on the modelling, we present some results on
the mathematial treatment of this simple model. This type of considerations seem of relevance in
the study of propagation of desert.

2. A collection of mathematical models for the hydrological cycle
2.1. Basic equations

To fix ideas, we start by making some comments on the spatial domain in study. We consider a

bounded multiply connected regioWE R?of exterior boundarys Tm B 3 (see Fig. 4).
We assume that at the interior @f there is a system of channels or rivers described by a set of
curvest Bt 8The interior of W may also contain some basins or lakes of boundaries given
by some closed curves B 3 . We can assume also that some curresmay have some
points of intersection witf? (which we denote a8 B 0 ), with the boundaryG (which we
denote a® B 0), or with the lakes boundaries (which we denote a8 B 0 ).

The different mathematical models on the hydrological cycle are based on the consideration of
some of the following local subsystems.

1. Vertical filtration in a porous groundy applying the Darcy law, it is well knowthat [2,
31, 35] if we denote byl to the volumetric moisture content and yto the pressure of the soil

moisture then we arrive to the so called Richards equation
— —Or — p QU fofib, ®
whereK is the hydraulic conductivityQ'di hi hidho is a source/absorption term arglis the ve-
tical coordinate directed upward. The nonlinear parabolic equation takes place on the set
Owo & O whed owho N mO'Y,
where™O i is the level of the ground water (elevation of the ground free surfacéPand is

the given surface of the earth. A typical constitutive law used to transform the equation in a self
contained equation for the one given in the following terms
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1
(4] Q
0,y <0Ks= ng‘] J, i

= 1 &l.-J,

2. Horizontal plane filtration equations for the levels of ground watBssusing the so called
Boussinesq and Shchelkachev equations, it is well known ([28, 30, 32, 35]) that if we denote by
H(x,t) and H,(x,t); respectively, to the elevation of the groundwater free surface in the upper

layer and the piezometric head in the lower layer, then we arrive to the ceygienh

o <
OOI3

&
J=J.4+
g

Ce] E'.BQ)O

F:‘; = div(MBH) - g(H H,)+ f, x=(x,5)1 W ti (0,T): @)
“:E' v(lelaH)+$(H - H,)+ f,, xi Wti (0,T), (3)

where M =k(x)(H - H,), f,, = f,(H,J,xt), mis the yield coefficient (the deficiency of saur
tion), m is the storage coefficierk, k, and k' are the hydraulic conductivity (percolation) coeff
cients for the corresponding layers (see Figf B)a source function (see [6, 35]). Here tine op-
erator must be understood only in the spatial variable. The last term in (3) characterize the rate of
vertical flow from the upper layer to the one through the semipermeable intermediate layer.
3. Water level flow in open channeBy applying a diffusion wave approximation to the Saint
Venant equations, it is well known ([6, 17, 25, 28, 35] and itseatars) that if we denote lys, t)
to the water level in the channel stream,M#yto the cross sectional arew (= B is the width) and
to s to the channel curvilinear length variable measured along its axiakexss, then we arrive
to the nonlinear parabolic equation

w_ “e %ﬂo‘” Q+f,, sl P, ti [0T], (4)
Mt IJSe (;HS-u
under the constitutive laws

w=w(s,u), F U0
olis 2

1/2

sigres 8,
cis+

and
e %]
Q:au|P+a0é|\/|E _ME 0,
e Unm UnP_Q

wherey (s,u) = CwR?® is the discharge modulu§,is the coefficient ChezyR is the hydraulic a-
dius, f, is a source function,
[MH,]=(MH,|, +MH,|, )

is the total filtration inflow of ground water from the right and leftP = banks of the channel, and
= pH/un is the outer normal derivative to the boundaryPafWe point out that in many other

references the Saint Venant equations are applied to other constitutive laws leading to first order
hyperbolic equations (see, e.g., [26]).
4. Water level balance in reservoilsis well known ([6]) that denoting by(t) to the level on
the boundaries of reservoirs we arrive to the equation
dz ~ .
|—:-ﬂvlﬂds- v §s.t1 (OT). 5)
dt g Hn
To obtain other models describing the quality of ground and surface flatsrwe need to
coupled the above equation with some other equations expressing the mass transfer between the di
ferent chemical components (see, e.qg., [27]):
a. Solute transport equatioRor instance, in the case of a confined aquifer we must addfthe di
fusion equation
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%F) = div(DBC - vO)+F (C,N)+ f , (6)

wherev=-MBH, D=D, +I M andm=m, +n{H - H ).

b. Dynamics of a reactive solid mediuim.some cases, there is a chemical reaction modifying
the skeleton of the porous medium and we must add then a kinetic equation of the form

ﬂz C,N). 7
G (C.N) (7)

c. Solute transport phenomena in og#rannels.In many cases, as for instance in rs/eve
must add a transport eqguation of the form

uvs) _una 8
=Hop B> S8 ge+1, (8)
M opsc WS =+
under some constitutive law of the type

D, =Dt +1 4|v,|, v, =-y (s, u)u"*sign(u,).
2.2. Elaboration of a coupled model

The case of simultaneous surface ground water and open channelWlswaly themathem&
ical models for the hydrological cycle take into account several simultaneous processes and the
modelling is carried out by coupling some of the above mentioned equations involved irethe ph
nomena under consideration completed with the correspgmaitial and boundary conditions.

To illustrate this we consider now, for instance, the interplay process between surface (lake
channel) and ground waters (on which, for the sake of simplicity in the formulation, we neglect the
unsaturate zone and assuthat there is only one nonpressure layer). A simplified representation
can be found in the Fig. 3 and 4. Then the mathematical model equations collects of the equations
(2)-(5) which here we reduce to the following ones:

m_“’utI = div(nPH) + f,,, x=(x, %) W ti (0,T), ©)
w_ e f,si P, tl (0.7 10
TS %u%% Q1. sl BT (0T), 0
dz ~ o MH ‘ ‘
| - M gs. xi G, ti T
- g\/l s- (y fg.xI G, tT (0T) (11)

for the unknownw(x,t) = (H(x,t), u(s, t), z(t)).
Obviously, the above system of parabolic partial differential equations must be completed by
adding a set of initial and boundary conditions:

W(x,0) = W, (x), xI W; (12)

s,M %mzv =g, (xt)i G =G (0,T); (13)
faéy +ku=g, (xt)i P =P2(0,T); (14)

M% :a(u- H.)+a,(H.- H.), (xt)i P, =P3(0,T); (15)

u=u,aylsu)f %%8:0, (st)i N; =N3(0,T); (16)
i=1 CHs~

H(x,t) = z(x,t), xi G,ti (0,T). (17)

The complete mathematical model is then described by the equatigdad }(9)12}(17) and, as
we shall develop in the following Section, its mathematical treatment is far to be obvious. We shall
require the analysis of a combinggbe of nonlinear partiadifferential equations which are defined
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on different sets of space variables: equation (9) is defined in the two dimensional domain , equation
(10) on the curve and although equation (11) is a time ordinary differential equation its right hand side
is given by a nonlocal operator dependingrband pH/un. Moreover, the parabolic equations may

degenerate changing type or order at certain values of the solution that is sought (case of (9)) or/and
its derivatives (case of (10)). Finally, reat that all these equations contain numerous physéal p
rameters which may leads to completely different behavior of its solutions. We point out timat the i
teraction between the different physical processes is given by the coupling source functioed includ
into differential equations, as well as by the common boundary conditions. Due to the presence of
nonlinear terms, the solutions of such equations may exhibit many different behaviors that@annot o
cur in the (more or less wekhown) case of linear metk. The list of peculiar effects of this kina i

cludes properties as the finite time of localization (or extinction in finite time), finite speed af prop
gation of disturbances from the initial data, waiting time effect, etc.

A previous study to thquestions of the mathematical wpthssedness of the above systera (e
istence, uniqueness and some qualitative properties of solutions) was carried out in [9]. In the fo
lowing section we shall recall a part of those results, adding some new ones anginig\aloer
gualitative properties which explain the mathematical peculiarities of such model.

3. Mathematical treatment of a simplified model coupling the channeldadeturface ground
water flows

In this section we shall give an idea of the mathemlasinalysis of the model coupling the
channel level and surface ground water flows mentidoeddre (see Fig.-6). Asa matter of fact,
for the sake of the exposition, we shall limit ourselves to the consideration of a simplified case in
which the grounds assumed to be homogeneous and isotropic, the impermeable base is assumed to
be horizontal

M=H, (18)
the flow crosssection of the channel is assumed by uniform and with area given by
w(s,u) =u, (19)

and we assume the caitistive relationy (s,u) = |u|a, where the parametax is defined by the g
ometry of channel.
We shall assume also coefficiends =k, =0 and the coincidence among the levels of the

ground waters on the left and right banks and the level of the channel water. Last condig&on corr
sponds, formally, to assume that (15) holdsdor @ anda,/a =0.

3.1. Statemenidf the mathematical problem

3.1.1. System of Equations

Under the above simplifications, the stated equations the model reduce to the system
%: (HPH)+ f,,, (xt)] W =W =WP (20)

o

L N I
° e g, P
R T T

o
o
o o 8

a o
o
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3.1.2. Initial and boundargonditions

0 & 5 ,
Lt TR ES +f,, (st)l P,. (21)

Under the above simplifications, the set of initial and boundary conditions takes the form

H(x,0) = Hy(x), u(s,0)=u,(s); (22)
H,=H_=u, (st)i Py; (23)
H=g, (xt)i G,u=g, (xt)i B CN;. (24)

An illustration of the crossection and planar view of the modegiidomain is presented in the
Fig. 5, 6. We shall assume (for simplicity) that there exist some functoy{x,t), u,(x,t) defined
on W2 (0,T) and such that

Holg =9 Ulp. =0 Ho(x0)=H,(x), xI Wand u,(s,0) = u(s), sT P; (25)

[He| |ugl, [[EH| +|H0t|H2,WT* Uos[l,p, ¢ C <5 (26)

We assume also

mea>4 fo(x, )]+ msa>4 fo (s,t)|)dt ¢C<un. (27)

The above conditions can be weakened in some of the results which follow but we aye not tr
ing to state the more general statements of our results.

Remark 3.1Notice that due to the boundary coupling given by (23) the partial differential for u
can be understood as a boundary conditionKon for H. So that, it is a dynamic boundary cend
tion involving a diffusion term. This type of "boungeaconditions" also arises in the study of some
systems which appears when coupling the surface Earth temperature with the ones of a deep ocean
(see 2, 23).

Remark 3.2As mentioned before, the equation (21) become degenerate on the set of points
whereu = 0 and singular on the set of points whetgps = 0. This type of equations arises, mai
ly, in the study of suitable nelNewtonian flows (see, e. g. [5]). Here, by the contrary, no ggsum
tion about the Newtonian type of the fluid is matte other contexts leading to doubly nonlinear
parabolic equations quite similar to equation (21) see the paper [24]).

3.2 Existence and unigueness theorems
Definition 3.1.A non negative pair of bounded functigii u) =W such that

0¢ H(xt)u(st)¢eC<n (28)
and
e ) - 32, D
:nH|E)H| dx+ f?| | dspdt ¢ C<n (29)
0 ew P u

is called a weak solution of the model (2Q24) if for every test functiom such that
hi vt (W) 2w (P ) h=0, (xt)i G
and for everyti [0, T] the following identity holds

t=t

t
S Hh, + HOH CDh)dxct + ﬁa(x,t)q(x,t)d{ ;
w

o ) =0 (30)
t =t t
+ ff{- unh, +y j(us)h,)dsdt + ﬁJ(s,th(s,t)d% = Ffifwh dxdt + ffif - hdsdt.
oP P t=o OW oP
Theorem 3.1Let us assume that (26); (27) hold and
o¢ f,, fo,Hyu, ¢Cy<m, O<a<nm (31)
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Then the above model has at least one weak solWton t) = (H; u). If we assume that
W, I L'then the weakolution is unique. Moreover, if we assume additionally that

0<d¢u,H,g¢C,<o; O<a<uo; (32)
Amevi,/ut + mavi, oo © <o )
0

Howr You | Z(WL), u T 1 (0,T;2%(P)) uped L2(P-); (34)
then there exists a smat] > osuch that this weak solution isique and the following estimates
are valid

H|*d 2 s 0¢ C<n;
Oitliﬁ)ég%jD | X+ ﬁu | sQ¢C<a; (35)
ﬁ-{Hf + |HXX|2)dxdt + ﬁ={u5 + |us|'1/2|uss|2)dxdt ¢C<an. (36)
ow oP

Proof. 3.1.First we assume that (32) holds. Then it follows from the definition of weak solution
that 0<d ¢ H,u. The weak solution can bermstructed, for instance, as the limit of a sequence of

Gal erkinbs approximati ons. From the assmmpti o
plete system of the functiors, I WX(W) with F,(x), =0 which are dense inv:(w). Respe-

tively, we can assume that the set of cunResadmits also a complete system of functions

Y, I W, (P) with Y, (s)ecr =0, Which is dense i, (P). Moreover, without loss dhe ge-

erality we can assume that the functiensand v, are orthogonal in?(w) and L?(P ) respectie-

ly. Then, we can construct a sequence of approximate solutions of the form

w (H)ga HOF )+ Ho & 6 0V, (9+ w8, @7)
k=1 k=1 -

where the functionsd, and u,satisfy the corresponding boundary conditions.

We substitute last expression into the corresponding partial differential equations, multiply by
F(x) andy | (s) respectively, and integrate ovet andP .

This leads us to a suitable Cauchy problem

dy"

S SFEYN) Y =Y Y = (H K K uy); (38)

for some given smooth (with respectftd vectorial function=(t;Y). Multiplying equations (38)

by the vectorY " and summing, we arrive at the estimate (35): To prove the estimates (36) we di
ferentiate (38) with respect to t and multiply biyr ™ /dt Obtained estimates permit us to pas$o t

limit when N - =@ andd> 0 and next to pass to the limit wheh 0.
To prove the uniqueness of weak solutions under the additional informatiokHat* we
apply the foIIowing continuous dependence formula
f{H t,x)- H,(t, x)], dx+ﬁu t,s)- u,(t,s)], ds¢

¢ |?{H1 0,x)- H,(0,x)], dx+ fu,(0,s)- u,(0,s)], ds+
w P

+ ﬁf{fl,w(t ,X)- fz,w(t’)():|+ dxa + Ff{fl,P (ts)- e (t,S)]+ dsd,

ow oP
which holds when we work for two couples of solutions(x,t) = (H,,u, )associated to two set of
dataH, (0,x), u (0,s), f, (t,x) and f, . (t,s) (but satisfying the same Dirichlet boundary conditions
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H =g, (xt)I G; u =g, (st)i yp, for i =1,2. This formula is obtained by multiplying the
difference of the associate equations (20) by a regularized approximation of the function
elif H,(t,x)- H,({t x)>0
Lo if H,(t,x)- H,(t,x)¢ 0

Calling, for instancep(H, - H,)to this approximation, using the weak formulation (i.e. the i
tegration by parts formula) and using that (thanks to the assumption (23) we get that
p(H, - H,)=p(y - u,)on P, we end by usinghe equation (21) and passing to the limit as in
24].
| ]Remark 3.3Notice that presentation (37) may be used as an approximative solutions if the
functionsF |, Y, may be constructed effectively.

Remark 3.4The continuous dependence formumglies the comparison principle fav, in the
sense that ifH (0, x), u,(0,s), f,,(t,x) and f, (t,s) are nonnegative in their respective domains, and
if we assumeg 2 0 then the associated solutions satisfy thigt u2 O (take one of the pair ident
cally zero and apply the formula). We also point out that it seems possible to get this fordnula wit
out the technical conditiohV, i L* by using the notion of renormalized solutions (see references in
the monogrgh [5]).

sign+[Hl(t,X)- H,(t, X)]

3.3. Splitting wth respect to physical process

For numerical proposes it can be useful to take separately into account the two difi@rent pr
cesses appearing in the model.

3.3.1. Iterative process for differential equations

We propose here an algghm which uses the splitting of the initial problem into the twis fo
lowing independent problems.
. Plane filtration in the domairxi WP, ti (0,T), k=12.

k
”':t =p(H*BH* )+ f,,, xi WP ; (39)
H*(x,0)=H,(x), xi W; (40)
k
e =s(u<t- HY) xi P; (41)
Hk“l_|k )
s,H* n +s,H" =g, xi G=pw. (42)
Il. Level flow in the channe? .
k A <2 gk 0 e k )
R Bapppl) Wo Sy 8 g xi P, (43)
ML ps ps s QO & N
¢
1y(su) %“—8+k u“=g, xi P £G; (44)
u*(x,0) = o( ‘), xI W. (45)

Let us introduce the notatiant = H* - H*?, Z* =uX - u<?
Theorem 3.2Let us assume the conditions (B@34) of the existence theorem. Then the "global
K 3/2

A satisfies the estimate
3/2,P;

error iterated energyyk(t)=HthZW"'HthHzWT +Hukuz,p +u

yk(t)q:git)kl)l)’o()' 0, ask- o, t¢T.
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Remark 3.5The numerical simulation of the independentipp¢ems| and Il can now be b-
tained by welknown finite-difference or finite elements schemes.

4. Localization Properties of Solutions

Now we use the same philosophy than some of the localization properties of solutions presented
in [5]. Their proofs can be carried out with the techniques presented there. We start with the initial
boundary value problem for the uncoupled equation (equéti@) withQ = 0).

4.1. Pure diffusion channel level equation
Let us consider the following initial boundary value problem

= J-l

“”o+ f,, xi P=[-11 ti [o,T]; (46)

~

u(i,t) = u°(t), -1, g@r i’t) 0g; (47)
u(s0)=u,(s), ti [0,T]; (48)
0<d¢ (u'(t) uy(s) ¢ C,. (49)

4.1.1. Finitetime stabilization to a non zero state

Theorem 4.1Let conditions (49); (32) be fulfilled and, (s,t)* 0. Then the solution of pb
lem (46}(48) becomes identically constant after a finite ttma.e.

u(s,t)* u® for si [01], t2 t*.

Morover if f, , O but

[fo ()20 ¢ e(1 v, ), (50)

for sometf >t*, and for some suitable small constantthen the following estimate holds:

ech- 11, )

Ju(:.t)

2

Wlage

In particular,

u(st)r u,  si [-11], t2t

In physicd terms, the first assertion of the theorem means that the water level in the channel
becomes constant in a finite time provided that the external sofyrae abseh (see Fig. 7). If
f , 0 and condition (50) is fulfilled, one can find a small source intersi®0, such that the &+
ter level in the channel stabilizes at the same instanthen the source disappears.

4.1.2. Wetting finite speed of proamn and formation of a wetting front. Waiting timeeph
nomenon

t We consider now local pps

. "‘_mf P L i B iy er_ties of _V\{e_-ak solution of (4€
1 T wsm * Y e with zero initial data on somelsu
1 ol / interval [- r,r] (see Fig. ).
y ’ Theorem 4.2. (Finite speed
y wetting of adry bottom). Let
y [ u(s,t)2 0 be a weak solution @
& R - G equation (46) witha >1/2 and let

Fig. 7
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f, =0, uy(s)=u(s0)=0 for |[§¢r,, ti (0,T). (51)

Then

u(st)=ofor[g¢r(t) ti (O,T), (52)
where r(t) is defined by the formula r**(t)=r’*- Ct°with  constants
C =c(C,,a), g=g(a), s =s(a). If, additionally to (51) we assume that

r Tr
At (s) ds+ i fo | dsdte efr - r o)™, ro¢r,
-r 0-r

then there exists I [0,T) such thatu(s,t) =0 for si [- r,,r,] andti [O,t.].
4.2. Coupled channel level asdrface ground water flows

Let us return to the system of equations (15), (20), (21), itk 0, describing the mentioned
coupled flows. We consider the doman3 (0,T), B, :{xi W] |x - x0|<r}.

4.2.1. Wetting Finite Speed of Propagation. Waiting Time Phenomenon

Theorem 4.3Let W = (H,u)be a local weak solution of equations (15), (20); (21) utitess-
sumptions

H,(x)=0, f,=0, (xt)i B,3[0,T),

u(s)=0, f, =0, (st)i P,,3[0T).

Then there exist. i (0,T)andr (t) such that

H(xt)=0, xI B, ulst)=0, sl P, ti[ot],
wherer (t) is defined by the formula®* (t) =r & - Ct°® with some constant€ . If moreover,

T
HolEse) 10y Al ol + 1o )t €6l - 1)1 5100 3(2)>0,
0

then there exists. i (0,T) such that
H(xt)=0, xI B, u(st)=0, sl P, foranyti [o,t.].

U
u(s,r) ‘
1o() dry domain

u(s,1), 1>

A\ 4

-1 -2 —p() o) o 1 s
Fig. 8
u
u(s,t) I u(s,t), 0<r<ts
_m dry domain %‘
ol —f0 20 1 )
Fig. 9
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In terms of the original physicg@roblem we can understand the results as follows: if the d
main B, ,was dry at the initial time i.e. the levels of the surface and ground water were zero therein,
then the first assertion of the theorem gives some estimates on thenlafatie free boundaries
(the curves and points where they are zero) generated by H(x; t) and(sés Fig. 10). The se
ond assertion states that whatever the flux is outBjgehis domain can only be swampeat in-

stantaneously lwafter a positive finite time.
References

1. Antontsev S.N., Vasiliev O.F., Kuznetsov B.G., Yanenko N.N. Numerical Calculation of a
Spillway // Certain Questions of Calculus and Applied Mechaini¢¢ovosibirsk: Nauka, Sib. otd.,
1966.71 P. 193201 (InRussian).

2. Abbott M., Bathurst J., Cunge J.A. An introduction to the European Hydrological System
(SHE) /1 J. Hydroli 1986.1 Vol. 87, part 2i P. 129148.

3. Antontsev S. N., Deaz J. I. On the cowaterl i ng
flows //J. Pure and Applied Geophysi¢2008.1 Vol. 165.1 = 8 P. 15111530.
4. Antontsev S. N., Deaz J. I|. Space and ti me |

through a porous medium: energy methods applied to systems // Nonlinear A88l.7 Vol. 16.
T P.299313.

5 Antontsev S. N., Deaz J. I ., Shmarev S.i- Ener
cations to Nodinear PDEs and Fluid Mechanics // Progress in Nonlinear Differential Equations
and Their Applications. Boston: Bikhauser, 2002.Vol. 48.

6. Antontsev S.N., Epikhov G.P., Kashevarov A.A. Mathematical system modelling of water
exchange processédsNovosibirsk: Nauka, Sib. otd., 1986 (In Russian).

7. Antontsev S.N., Kashevarov A.A. Finite rate of propagation of perturbations in sigtltan
ousflows of surface and ground water // Dinamika Sploshn. Sied982.7 Is. 57.7 P. 2227 (In
Russian).

8. Antontsev S.N., Kashevarov A.A. Splitting according to physical processes in the proliem of i
teraction between surface and underground water // Dékd. Nauk SSSRi. 1986.7 Vol. 31.71
© 228.1 P. 8690. (English translation: Soviet Phys. Ddkll986.i Vol. 31.71 = 5.7 P.381-383).

9. Antontsev S.N., Kashevarov A.A. Localization of solutions of nonlinear parabolic equations that
are degenerate orsarface // Dinamika Sploshn. Sre@y1996.1 Is. 1111 P. 714 (In Russian).

10.Antontsev S.N., Kashevarov A.A. Correctness of a hydraulic model of filtration for ground
waters with an unsaturated zone // Mathematical models in filtration and its appbcatiovos-
birsk, Institute of Hydrodynamics, 1999P. 2135.

11 Antontsev S.N., Kashevarov A.A. Mathematical models of mass transfer in interconnected

processes of surface, soil and ground waters
me d i September @, Moscow, 1999( P. 165166.
12Ant ont sev S. N. , Kashevarov A.A., Me ér manoyv

motion of surface channel and ground waters // Int. conf. on numerical modelling of river, channel

69



overland flow for water reseces and environmental applications, Ma§,8Bratislava, Czechasl
vakia, 19811 P. 111.

13.Antontsev S.N., Kashevarov A.A., Semenko A. An iterative method for solving a stationary
problem on saturatednsaturated filtration in a hydraulic approximationFfitration and Mass
Transfer through Porous Medial989.7 Vol. 90.7 P. 315 (In Russian).

14 Antontsev S.N., Kazhikhov A.V., Monakhov V.N. Boundary value problems in mechanics
of nonhomogeneous fluids. Amsterdam: Nerdblland Publishing Co., (1990) Translated from
original russian editiori. Novosibirsk: Nauka, Sib. otd., 1983.

15Ant ontsev S. N., Meér manov A. M. Mat hemat i ceé
and ground waters // Mechanics, Third Congress: Theoretical and Applied Mechanic§336pt.
1977, Varna, Sofia: Acad. of Sci. of the Bulgaiid.977.i Vol.1.7 P. 223228.

16Ant ont sev S. N. , Meér manov A. M. Mat hemati ca
and ground water$.Novosibirsk: Novosibirsk State University, 1979 (In Russian).
17Antont sev S. N. , Meér manoyv A. M. Mat hemati cal

boundary value problems of a hydraulic model of diffusion waves // Dinamika Sploshnoi Sredy.
1977.1 Is. 30.1 P. 734 (In Russian).

18Ant ont sev S. N. , Me é&al quastiams/on the ddrrectridss ofha enodeltof
the simultaneous motion of surface and underground water // Dinamika Zhidkosti so Svobodnymi
Granitsamii 1977.7 Vol. 31.71 P. 551 (In Russian).

1I9Ant ont sev S. N. , Me ér manov AModd.of th@ simudtdaneoosn s 0
motion of surface and ground waters // Dé¥ad. Nauk SSSRi 1978.1 = 242.7 P.505508.

20.Bear J., Verruijt A. Modelling Groundwater Flow and Pollution // Theory and Applications
of Transport in Porous Media.DordrechtHolland Kluwer Academic Publisher, 1987Vol. 2.

21.Cunningham A., S. P.J. Application and analysis of coupled surface and groundwater model
/Il J. Hydrol.i 1979.i Vol. 43.7 P. 129148.

22Dbéaz J.1 ., Tello L. On a par dabyaiisingcin Glim-o b | e n
tology // Int.frpnf. on Differential Equations. New Jersey, 2005.P.10561058.

23beaz J.I ., Tello L. On a climate model wit!|
/l Discrete and Continuous Dynamical Systeim008.1 Ser. S Vol 1.7~ 2 P. 253262.

24Déaz J. | ., de Thelin F. On a nonlineamr par:
bulence flows // SIAM Jof Mathematical Analysig. 1994.i Vol. 25.i = 4 P. 10851111.

25.Epikhov G.P. Computation systemodelling of water exchange in interactive regime //
Vodnue resursyi. 1985.1 = 5 P. 1125 (In Russian).

26.Fowler A. Mathematical Geoscience and the environment // Interdisciplinary Applidd Mat
ematicsi Verlag-Sprnger, 2011 Vol. 36.

27 Kashevarov A.AMathematical modeling of salt transport by coupled subsurface and su
face water flows // J. Applied Mechanics and Technitgisizs.i 1998.1 Vol. 39.7 P.584591.

28 Kuchment L.S, Demidov V.N., Motovilov Yu.G. Formation of a River BasiM.: Nauka,
1983 (In Russian).

29.Luckher L. Gekoppelte grundwasse e r f hwhsserniodeti(a coupled model of ground
and surface waters) // Wasserwiffassertechn (WWT). 1978.i Vol. 29.1 ~ 8 P. 276278.

30.Miles J. Modelling the interaction between aquifers awdrs // Advances in Water ERg
neering. Elsev. Appl. Scieih.Publ., Ltd. London, New York, 1985.P. 94100.

31.Philip J. The theory of infiltration // Adv. Hydros@i.1969.i = 5.1 P. 215296.

32.PolubarinovaKochina P.Ya. Theory of the Motion of grouNdaters.i M.: Nauka, 1977
(In Russian).

33.Turcotte D.L., Schubert G. Geodynamit£ambridge: Cambridge University Press, 2002.

34.Usenko V., Zlotnik V. Mathematical models and numerical methods in the problems of i
terconnection of unconfined grounwater amdface water // Third Int. Symp., Kiev, 1976. Péart
Kiev: Naukova Dumka, USSR, Providence, RI, 197B. 108117.

35.Vasiliev O.F. System modelling of the interaction between surface and ground waters in
problems of hydrology // Hydrological Sciencesl987.7 Vol. 32.1 P. 297311.

70



vrs 532.59
Csel [t RICVUO[ PV T TRSEPL R U[Y[1LRH

LrerrRiorf I8 rrRrsfeur

l . rECtcp jHjBBIsdd S BO
RdzMIsdlskzls edHtesHJdOBISd dd&3. [ . ¢ . E-hadakdjladiléstepgn@ilceny t ¢ ,

uSote) i) 2O CHEPBEBFZOBGIROBEECO’ &8 dZOBBEEd o
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OdzOdzdL qtetso Ols! f sfytej H Miso tsd3 RO fdgty HsjOzddzO Sz tg L dB
GHO. |1 ftodd3j tej tcOMMdiisistej dedets s © teOBKSIsj, BEteOd
sls IsjdzO. ltoddjte sftcjHjdzvesh j2 tetsdzd 1 CMY jted d3j dals
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Moslsdetsh jdedj dzddzj 2 des?2 Isjstedd d
I ftedotsHWIsfqW tojL kzdz sOI" tOBlsr [3], o ¢l
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92



vitbteibduimtd] LOadmddgshisd

]l tOdgts®d dzd dHjOdz dets?2 Y dHEBMIsd ddizd dls BB Bsts {f C
il Mftetslsdodzjdzedw o EmMEtstw jkMmw HB BJ MS dal Yydesmls
owLStsfisd YydHESBMIsd ftod HEsY tsdzded B $ dzy gets tg  #§ fou tizts dzt
O HBd Zds fifdOtcls d dz0 jtefits] fiioBdsds jSlatfzOy d dz4 2 lsisC ) J By
dedd OfMd By sslsdyi ME O MEstesMmis! MotsBHMBBSEE 56tk

=50 (25)

18 n
ddzd © BjLtWGOL d3j tcdatsd3 o dH J

Re, —%Ar Re, = u.D. (26)

] OfnddsﬁlsBISCfqunQ'Sds by ddsy bitstjbdydmcd?2 Ciw
W s te d3lz dzg

= 432 24. 27)

Ar Re,

I twjhjddd sbtsCMO oddwddj OL dshisd {-dE ksdfls j
s ddsy dlsj dzj BArg BB BRG] tdo j Hj ddz’ | W stdldr W

e d ds . | | o

v CEIWWdUud)dzsO Mmesfslsde dj ddy L OCte) § dzj dzdzts @
Y 516 Bl O

c,=2! (28)

15 odsjh dzj B odHbk Wstdzd (27028]) (828L)is Os-Hl dpif
jReMo v j s f OwO®) stesds, fsmCsd Sk, €OC sbdjy
j &zd uq zOdsq, Re@o S BT Yzj Bl Wl j ks OL ™ o Ols: v d s ds
o B EOY ty d2d d O

c c:fmj,; od &5j dzls Odz! dzOW  f toile™j ol @St ftarlets bl ts ¢ (2 8h) Ot ©
pjHdEJo O ddh:! f§td Rexlj.dz R fHOsILAL b vdzOuq LdegeR | dzd
@ [Ljjd d I5d Hhj2d odzuddd ¥stdzde [ 41,

c,=224:+3Re D R+.8 (29)
Rec 16 1280
CCMmy jtedd3 dals ' qscoLomq, Yyt d 10 WtsttdBzdkzO (i
L%OQJ@MWG. lted BfSdz hdr LdOyUjddvrs §O0Odilscd t j
mMsfeslsdo dzj ded W L OC Rejstf dejj disfistebey 59 L OLteCOm tisjists of 3§ dzls O .
CCM jtod d3j dzls Odz' dzOW d dgW stedgOyd W

thdXMle. BfMdzs BB dZOWEY J dets, yYlsts MotsBBHS ' f OH OF
dzs?2 bteOjCIstedd. Gl tslsd3j yodz, o qunlsdzlsfr]lsc{ R
MtsH j oy d Isdn®, o4 J RO dHpvaEsifify toj L Zdz sOT T lslsad{39]
yddzz tslsCdztsdzj dzgdvw IstcOj Slsstedd Hodyj dedWw fr]atsBISHdztsGt
{grisr or {f tsdzdg¥ dzd fry!

g3 o=
s o,

3

O

Bud c:;peda Buo ceepxy 1 , 0 5 d3 U‘ tG w d3t5 IZ G s dz,l dzts(
5. 3 s ko GOL 3 BBE 4B (Ldh. 3
A h o Odzd ! dzO tor B tsdztizs

fins FCPRCEETO

e 01ds. [ JiMECO L OS]l d®
tor 2 tMMeotBtsy HOdZY 1 d
I Bsdjdads Moty HEE
dzOdz! dzOv OB YL 0. 1
. E‘eyaeoxmmpa h Otg ® thi G'dff]lStGdthSS O zO-

. L Y sdzyj dedw e ff jsRizj delsj @
tdfm. 33. wnj®O {cfnmmﬂsqx}‘ézqﬂ hotsfméts chfntjistZJ

| iin

103

\l

93



] ftcjHo OtedIlsjdzt dzf = frilsOr dL z2yoOdzts 9 dzd W dzd j§
fsH MotBtsHdkz® o jtorn desfils! d IS dztsdgj ded2 tsls MW j
sO¢dy EMmzsedw ftwtseojHjddwVw sMmdetsb,dz) rq, gt Ea -Hg ¢
Mlsodlsj dzt des B tcj Hjdzve h i3], O ofmj BGMIsOMz dztisj BEG
Stster j deidLBiydes a3t s 3§ Mists dzO ffdetsCdiaafiflsj' O -h1CAdO
B Istc ftedded dizOdz L dzOyj dedw 2, 3 d 5 mds, O -1fyeiPss Is dzts M |

10 tedimizdz¢ i 34 HftedejHidz fteddBite stejnmn HtotsjCyd?2
d f dzslsdesfiss ® § O jdeCHE@dteld fiflasC OL " 9 O Is, Yyl dzO
EyoOmisSj bktOjLfosttd@onfdidg2 ks fOLO®Rj stesad-L OH O
COd dzgs. 1 0Olj & tSdz tojZufS s otele Oattinded dpfsy Istsl® j € fipds o d |
ddd Gfrlstse ofcdvHdls fMaEyO2ds?2. [HAROSE (&6 S ycC
fsCOLr 90jls, ybt fohmd] sl dsdjddY sl ojtldS 0Odd
4 Zz YO desiis! fsWodw jlsiw o dzOf tcOo dzj dzd d 1§ Ge® o 15 dzC
wdMmbdeCj 34 fteddjtej, d ftd ofjn Hekzedh wPhHihdsl
BOd dets] GG desdzj dedj s o jtelsdSOdzd BT s § SEWHE O

10 tedfizdSj 35 fttdojHjdO LOsdmdBrsms: s o]kl
e stesfisd @G fidsduj sOddd § OwOdkj stess, yYlstsqd dzo
dzj dzls © MCtstetsMmisd or R sH d lsu,,dz00 fots Mtfistise” jdadgtsded d dzOeulg Adzd H
Chtster j MieOodddy 5 W HSE ojddydd , dag mkh .
57, fshdjyds0jsmw sftejH]jdjddzow §jtdisHduydzsils:
qu ddj s feeslsdoftdsyd j LdOCd, Ykt ROLOCIS) todt

1
1
1

(O] B 9

¢ D
] /A

B/ b
30+ 30+ 301
@ & 8

tdf. 35. stdkfsdj ds' MCstshlsd

;’

94



10 tedmizdCj 36 ftedojHjdz WislktsiddBsS, BI Widgwe
Is

o Jtlsd¥ ®dy d d&zO LGdeﬁuOJIsfr]W 9 btd, yYbt, ¢O0¢ d o
ftcd HtsMisdy jdedd Bt HY dzj dedzs?2 MEBtesMmisd § tctsd Mr BSH
Gts NOttO® M GBKOLBSoOdR]jd Cd yjotsets oadrteWwd- [Ister
NgdedW , " Q@YU B deoj Istsdz $ts5 s o jdduddsy, dtsnd fts
tcw d MmMbtslse jlsMlseakzs h Ov tj OCydw "OtwO L Ooadmiek s
fdztso dzj dzdz' - , zof ted d34d ts, h jtesn o Olstsfis! 8 ftso jton dz

f dzslsdetsmiscz! dg] BYj gOHody jdedd sy M tslster 9@ -odn to
dzj dzdets? L OCtsdesd3j tedetsmils: 8. |5 BlsCdztsdzj dagdw " Bt H o (
AtsHWh j2 yjtjL MitejHddz S OHE©O. Atlthdd BsO-§ ¢ C
J Slsted d ( Hido e roodch twfvj) S dHtetsH d dzZORd yj MSd2 fmdzj H
10 tedimkzdzS§y 37 ftwdojHjdzO LOsdMmddsmls: Ctsi ¥ W dy
Sls fOLO®R)IsteO  j2dtsdz' HMO ZAffyshsis o jdsrffistedezdsjiste , Wt t2dz] d
ded 87 W stcd3lz dzj - fsLdzigHid2OdzO. | h desSd HJ QREXBABE) L dzC
CeL WWdydjdas Mefteslsde dzj dzdv § sylsd fdadndsts W tiztzc @ d3j &
LOHOYd ~rOOCIsjtedL lzels Isjted3dddetsd3 ¢ Qo lstsdtsH j tzt dzats s
Hjdzt detsfls' I st J Diz®©dzj lsigO. 1 5 HOdzdzer &3 tcOL dg' F - Oalst
dzts fds g 0,4 0,45.
10 9o jterndzj 2 GteOdzd y 4 dzls j tto OdzO ©OolstsditsH j dz' dzts
Zdsj dz P Ojlsmw HEts L dOyjddw 0, 09. Cliz MigustzOm)sds d C
qgwe. ltedyddze StedL dmMO Msftetsisdo dzj ded W h OO s
l tOdgHdzr [ 36] . ifddz &zO h Otej dzj Bzsets o
sf): Br, Msfteslsdeddki dd j
3 CtedLdm Mt tesisdo dzj dzg
dZOuj dadd §OLOMG|SLO [ J @' HO, ik o Mmezkzyoj I
] 1 cOdzH Isdz? HOdz fl’]dZJHIZ j 4 Bl Widzj dzd J 1 Istgdklz + W
HydzWjlsm¥ HelzdW ﬁﬁdz(ﬁz;@a,ngrqulste;ﬁgjmqwmmls My eslsdo dzj da
M smMtsBMilso so Odzs Btsdzj §J twOdzdej Bz fjteinrnBHE o9 dftscteC
BO Isjyjddw ¢ IbktBbkdzj dzlsdesdBsz toj ydadzske d Isjd3 MO d
9 skt lzdzj dzls dztsd3 f =SCcQ@ec Osiis(tay dps@3 tiwiksty ¢ s tsfhydsd " O ddisfmw o
o jdzts € bkdgjde hjdedy MmMsfteslsdodzj dedw Wisteddr d Mk BRO

{
&z ys. 1ted a3,

I
¢ts Is ts

Isgz! dets [z d3j dz hq’dztsfr]J ,  Jted
L d3d '2

CZ'C{LS'-\ - i - il HHH H - HH . . - | l‘) C‘“J:
1ottt L L U L LT
0 i 1 i 1 ISR
; |3 ' [la 3
10 3 EEENS e : =
_ N
10°4 [T L L Ll
: .
107 3 L
1027+ T T ...'].‘Od. rer
10" 10 10" 10° 10° 10° Re,.Reu
tdfm. 36. [bCdtidm. 37. 1 0odmddshls dzjds
f oW Bts dzd dzj 2 dats ? LOCtejtfdzj dedzsets h OO tsl
9 tjLEkzd sOIsj ligss 1 CMfjteddgj dZsOB t6OL dzg
Csdz yjosets ¢ 2ifs Wttdzdf s(28Edizay (.

95



10 tdMmbzdSj 37 ftdojHjds djmisd S MY jtddBj
MotsBHMGE §ctkzy 08 h ddhvis SJEs df ] 3OMd.  ty sl 4 sl & L
{5 shd istkkdewRegl” Slkd HOdde j sS0L 905k, ykt f
hOd o OMdEflsslsdujmMSitd ©jydd] SSOLOEsH' Bd h
SHJ ZOC oy jTzdvde YROH O dpifelz® stesB ke, o M@EZYO]
sh jesmw hOowd ddhjjls &jfsks Gls¢ dsdj ddj sl fos2f
lsts SELWWgyug)jdids Mefslsdo dj dzd VO fihdstslassilsigsg jtsi Sh g
wodw iy WkdCydj2 doj BHdSEs, O Hobkn fOLO®R) sttt

uts MobBGHAE §Sctky O h ddhy hOESdH Is dzy .3 98 i tsdz'lst
HoO h OO HJOdjlstesd 3 fMd ©HY ded MG P OficdzIHEs fEsidC
Hiekesd dd3j s’ Cwsd ys or Mslss?2 0, 5 &d, ©OMY{sd

fjujddw. Chktlk sfrls §sC0L0d vyt o wldadydj s
CL WWdydjdls mMefesisdodjddy. ovdjd dosh OS¢y,
Bs?2 kOjClktstedd. stodj ks, bhdsydddon' nddad]
RZOtewWHE f] Hodyjdedj s 5 oddzlssots?2 IsteOj Slststedd h Ofe
sldsfdlsj & ds §&smMSemlsd, o C(sbksts? LOMY sRAC O A
jls MoseEBHMGE f§Bcklky 08 hOwhw § &OMmlsd dzO.

Jr fsddej df SOCYyj] ®E'Isr, o Sl i h Ok fosssH

KOSy | s dsd &zl ls § oW Bsdddj 2 dzs?2 kO Chistedd .
Mddz® d otH' Cjtsfmdd ko dj CHOEIN® MO wds, to oatw], dzOdRCy
oM iz 9 Odz. [ HAOCts ftod tSftejHjdzj deder 7 kfdzsedwr o
bodjC OkOM:' dz® Bd hbs chkbkeddk. utlssjlsiPBolks h(
zOtt HdOBFRtd dJLdF Gitsottd@B 0 @dd B d f sdkzyj d

sfrilsj o Ibttd BsdjdsO otej dijdd. }ted ol ddd

4 . Il &z wdzd 4§ W sted3r Isj ZO dO ~R OttOCIsjted Mmlsc
s Md 3R] sted ydese s Mmdzj H O
] HOddes s wOLH jdfdzf @l HsEMsd, € siststdy jjdzOidsl O1
tcOL dzd ydets?2 Wisted3™ dzj otsL sy dets IsjtstejIsdyj MSd Ost d MmC
odMmMdiasmisw dsd. AkdzHOR] dzlsOdz! dz" » L OCtsdetses Mt tcOdzj d
Ctsdzd yd Mlso © Ho dy J dejevs ddzj! Hdg ds@flsdts wddi. 1\ Isf 5B - s+ d 3t
Lo Ob! {1 Bfdeedud mMcdy LOeadMmddsmisd. CIisd L O®-dnd d3t
hmodz dz" . sdzj Hizjls tldijlsdls' , Yls ts, fn 54520, das §  J¢ dadf
f dzsmMCtsd3s OolstsditsH j dz! detf g ggzy Ml o efedzs OB MY Stedgf Isj dz

~

£/

(O] 9

tdf. 38. sOfdv SCjtsMdd® o cdHEsHJdOBI Y] NS &
Oi x/D=8;i x@D=2 0 x/B=40.

96



1dYd toOmMhdzBliztitcg &z@zj ddAgwz 2 @ MdzjH L O BkEHtBBEGBIS] § O,
Wstcds" d f dzsmatstsBlsj COj dis?2 MW jtets?2, tsBlsj COJ dsge dzsd
BOJ Bs?2 yduHStshisd M fushis O lztiz@ 8 dzfplztkte B MiE Ot O dzdzy dz! o
Lizd sfmw yddzddehted ud MSAQw, jid fipls jCdids gttt HBiy@Q s d3-l s
B lstedd Isj d&zO d dOfteOodzj dzO o dedL ¢t Isjyjdedes, O O
Isj dzO. Recld2fu H SMIsOlssydzts o j dzd ¢ ®W4],ylgtzj HzDj B s Qis 6 Iy dzt
ttOfmMMmis syozebn Isj &ZO o tcOh jdzadWw EMlsOdzOo dzd 9 O Ishy Ools
HJOd) Iste B HJ dzj o twd & siny Wy upd ¥ dzbs j 2P rzj BOIsd uj PEts2 o
dls, Ykt mMsOoksdmsdyimMcdy ~OtOCIsjtedMmisdsd IsfzicB Iz dz]
hisOBder d3d St tsdzj dzels O3 IskzteB kzdzj dzelsdetsets Ho d X j ded W,

Ul :Ucfl(r/lc)’ - LI2 :Uczfll(r/lc)' - u_\/:U02f12(r/|c) (30)
d 5. HU,=U.HYMHjY¥dydl Mt Hdzj dedats?2 Uffds tsfg dagdav jilzts 2 fiy:
sMjoO% d ©OHJOd d&ZOvW MmlsOo dwe? h-diy i dfQrfdms “iyQidoddsrdzdts
sd HMO (lsdg Mjdede j S f deslsdesfisd ydqHSsMisd) .
MOGOSIsjtodz | BOMY SO il KIBOBGHW s dzdh @ X S
LOHOB Isfw 09 j dzMmis o O d3d

U, =UI(X- %)/y/eSI %%, I = e, S[(x- %)/ /e SI*,
GHy =conshc 1 SBIWWdydjds Msftesisdodzy ddw Isj &zOS - dzO2 H
sjtodzts? f &z (CoH S A jdiPls o j Ctslststets? dedy 4 dMmytsd L zj

skh jmsoljls ftoj HimisOaflz4 44f), (MBS, o dzBY 2 tEAE, ¢ H
dzso sy OolstsdiIsH j dz! dzf @3, EC OL Odzdz" § MlsOIsdmisd yj ME
fpw L OH Odd] § 3t d)ld dizd dzj dzed ¥ Ulsd dzO9 s HE 5 fusteifps)of =™+ o d s |
Bse s dz0Y O dzQ@, (CHitstdss HH{EHEEIISO Is tu, o0 gj tsted jh i wis dats ¥ dziefzetzf @
ttOo dzv Is! dzzdaiz) W Iz [ s, &1 OYBMis dzts g q ., dilsls. WiedzCadBOo
(30) HBsdjdzgr B' Is! dzd o j emMOdz! dg" dgd Hdzv Isj dz teOL dz
Braizs B' dLEydls! OoltdtH jjda de" Q-dAREsding azdsd d I L das &
dzedw, dOfteddzjte LO MW jtes?2, d LOIjd B" dzs B' 9L
Hdzv MY kldy & Mtekz2 LO Isj ZzORd dzs Bs2 W sted .

[HdZOCt dRjsnhdjfmw 1 CMYfjteddj delsOdz dzr j HOdzdz |
L Ofgls Oo dzv slds fifiyts dedzjfipf@c Oo j H dzd @ Sijlsd OS2 cdytljL .
JLBjtejdzad?2 o MdzjHj LO EZHGB4SSBEG j § Ofdgf g Is j @is df dzts f
MWjtes?2 [47] fsCOLTo0jls, ybkt ot oktttd Mdkzyo,]
Isj dz' dzOw ddzls j dzfyd o detsfyls: IskteB zdzj dzlsdesflsd L dzOydls j dz
fdzj HO, lsgpjSH]j Z@OMYS ttts?2 BCOLT 980§ MY L dzOY@ds j dz «
Yd dad ju, s dz' "j), UJB LO kessgwEBlSj L OY 5 s eiipsls | &
wix/Je,S. R AtlY JLdjtiddY BT dd orf fsddsjdr o [ 46]

(ftx6/c,S¢120), GHJ tjiydd Isjujddw jhj d B'"dz Ools
dzd dZOMmistsd Bt bBiElkd &g, sydH Ols! tlshizisflss dw daj § st
ZzO &0 Oolstsd3tsH jdz! dzf | IskteBlzdzj dzlsdzr 2 Mmdzjvw d dzO B s
LOCdzs yjdeds fHtedhdzd t j22OteHls d Stedismo Ok [ 48] dzC
¢ stesmisd o0 Liprdjwd® Adsdl Gs jtazO ddf /cSEe @ j dzd v  § o d
ltcdotsHdd j dedyj tjLlzdz IsOlr Bdzjj HJlO-dzr -
LT 90¢ls, 7yt bjyjdedj o OolbtsdisHj d dzsd tsfyj fd gy
ktsdz Ct5 tsls Mddz My tdzOsg &sd@f dzg & sd ff fipdststE ©Ofls dzs s ls
[frsr fesosHdddmn o dagjL OdC dazlsts?2 O tetsH d dzOd3d .
fof jtej ydetsj Mjujdedj Sttt 40 ]figlsiho et j ddhde si2
R dzls j dzid o dztsyls ! Is ds Izfitees tizedtg Hozlstelztstd) § SlssC O o %ils to lg i P H i 5 T

97



dzj dedv oHtsdzr tOBBYJ2 YoOMmlsd B" dz 609 j dz dzlz dz¥ .
B Pesd@indy 2O yYjlsrtein ftososdsycsOn HJOMRI stesd
Zsys¢ On Istsets yJ HJOBRBI O EMisOdzOo dzd 9 O dzts ¢ ]
s otOh jddW, HEZJ@ZO SCthtttsets MisMis Ob kO d@" &M c

vjdzs otcOh jdadWw dd3j dzs ZHBBtSEBBISj T OF tizekC ¢ sk O
dgedzj jdes Csdzr ys dr ftososdzsyéd HJOM stctsaz- 0, 2°F
j dzd W C lasiCdEzmw tOo df .d3 dij 3@ dzlsdzts tslsdzd yoOs P sy &
j dzZls O Ms{ totsls chaldzjddsd) . WBjjter Mi(ted d B Res®, o i tsdzd
slso jIsMmise so Odzts fr]Qtststsfnlscf zOB jJcOs M jes f slstsC O
j odisOdz] Bsd3j Istetsdz W dksd3r ¢ DI SA El ektron

Il sdzlzyj dzdz" §] HOdzdz' § § te6j H--HB Oo tizj ezthy da@OctOd) fij lpEW G n H
di,sftejHjdvdaOm: LH]Mm & do] uwid oy ddedD dibdis] decp X
[COLOdsm , ybt o Mzzyoj MWjtr d o MmMhzkw&d. bkH dzo

S OC o dus Mk dzS 5o 30, df/u’B .0 dase e ded O s 5 BEHP ! dz
wo o byj (200 wORNGGY gy dj e Y Hebkh HEkcdhb < syt
dzj dzls dztsfylsd  duvE Bt dzd 4 d 4d2d)h ' wefftedO6 d dzd -

U/U,
a U/Ue o a2 /U, a Ju? /U, 6

R I I
Fgroo

T g
. wg.q_ gS‘q_.&:)rQo

g};%('- A= & A a-1
0 "'O AL - 2
S M T Ny 045885, so R 13
A j e % E x-4
S X = -
0,8_ x.& +_5 9".15 AAAAAAQZ.EI- 072_ ‘;-X+ +-J
s 0.2 N 02F a5 & 970
4 o 4
0,4 o, % & «
XB+A OA.E ° th
x'&*%‘.é% e °
0 05 . 0 1.0 L 0 0,5 Wl 0 1,0 A

17 10; 27 50; 37 100; 47 150; 51 200.

t dm. 39. (OMmMftejJHJ t dM. 40 . } tetsW d dzd dodk
st Hdzj dedets? MSstets yd2 ftesHsd ds?2 € gl
ZHodzddzj dedzr o5 Isj @sdyf oftg Mdzj HOR L O kHdddz dedd
® f(td ©OL dd uydd A d Wij tc 8)267 &D =250
G -/ U;
-1
-2
0,04
0o 10 Th 0 L0 1/l

O (hdddzj decatsj Isj My p@Oj dedv; B ( 2)
tdfm. 41. tOMftjnjdi t(dm. 42. 1} wsWddd

qdzls j dzid o desfylsd Iskzte COMOlj dz' dzr 2 dzO
gL d3j toj dzetd £100f te q dL d3j toj dzddD 210§ to

98



1 OBy Isdds, ybsts dL EkZtwOodzj dedWw Mtej Hdzj dedzsSG tIS-H 9 d
Hjdz desfilsd Isjuj dedvw ostsy dets § sczzydls! Mtssldsh j dad |

— r

- UV_U"Ul—S(x- Xo).

(s Mslsdsh jddj BT dt Jnijusfzs L s Bifzst d dg dadb-0 dzd djt
dzésU,. tdLEzd OIsT or ydmdzj dzd? Gtcej HMIsOo dzj dz"@ dzO ted
At 5 M dzOMmize vy ) daj § siMe J Hufilsldse j folzlilr ABfls HAHL Ndgj tot
ko jtey Hjdedj s OolssdssH j dz' degsmisd Isj uj dzd ™ .

sOC Mmazjnikzjl 42, tcd @i gl f,309f 0 Misisdash jdgffvrn (¢
jdzdzs L OQoadmwls &l Ysted Ijdko. [ fsfdiddifbdsts i
Bjstedyudsets MozjHO. 10ftddijt, ftd Jnfsd Lo

mise

fd d3

oJMlsdzr » Wtedskdz 1 cOdzHIsdzv HdzW IskzteB zdzj dzlsdzr &3- € OMO
fdedud MSdd §mistswdader §| Hdzvw MW Jjter o dzj MSdQABE 5
otcON j zdg@ dztse  YydzOw ftetspdzi BO o' BstcO® 1+ By Jqtedyd M d
W s ted3f oBLdd ¢ OJIs d ftwd MsLHOdd Bl Mdztsy d -
BsHjdzj 2, dMmftsd L ks hdr EttOodzj dzedj B OdZOdZMO + dzj 6@

dadzj HEzj Is lsdiisdedd , 9 sksizlsd Oo btEdtsHigsdszdzts dizj fy dz]
dej  sMtej Hinlso j dedzs s YW steds Isj d&zO. 15 omwe sd- Mk

dzr 3 [44] d L dzdadfisdud mMéddd [ 45] yddzddHteOdd dzj
s IS ddlsj Okt
1.1 2Ctej j.o CICHRY jteddsj dzgs o Mmotej B dedes? G dHEEHJC

1 sotsmMde Jiehmé | RO, i2 OURE: http://www.hydro.nsc.ru/docs/Bukreev
/ExperimentinFluids.pdf.

2. Jomwdzdzd S s [ . 1. JeojHjdzdd o BB~ Qdzdsd s Mifth dftscind
RLAats 11906,iy. 116 M.

.1 kStwjdjo J.R. IBdzd &O cOddy ©OLHJEZO HolA
HodYddedjd3 Stecetsotsets yddzddzH tc© d 1980d ™ dt@ & /5359.) tod € dz.

4. [ofmwdadzad S s [ . 1., [ OCOtcj daf szf dzR 2 clz' ] Offizgf Risdzj d3
ftsojtendzsMmisdzr 7 d 19 tzE sty dzdztb) ¢ o s edaffly § O BABH M. tSIsH

51kt jo 1 .RrR., lEemjoe ¢. 1., dlskteso O R. |. l B¢
HozRr Mdzs2 dets?2 Y dHSC sfMisd // I d dzO d3d Ss@zOfptaiztg N dzt@+ Ofmytd J +
Cd Mmf dzsh dg Bo g B teMC : dzhisdIskzls Gcthc;tsudb@Iﬁ@dnycf o

6.1 2Ctijo 1.RrR., 109tsddztsa 1-41., 1desBdh jo t .
HozrMmMdzs2 dzs?2 Y dHGEtsMIsd Ms fr]Hathsd3 fitf ColAtsts tslAtsl® fr]dgcj,pﬁ
Il 4d. 64. 10HOYd cdHttsH d dzO BS 5o thftsd Enep tisfip Gs:H dx- dEigls 5
Hdgd&zOBdSd o[ ¢ ¢$103 1984.

7.1 CLj49 1. RrR., lemieo ¢. 1., dlskzteso O R. . 1 d«
fsMmiszf Olsj dz! detsds d € t5dzj sty Oz alztskiz B D if dptg Datgte 2 Yy g €
n0dz. d 181986k WdiL .-76.3

8. Russel J.S. Report on waves: Rep. 14th meeting of the British Assoc. for the Advancement
of Sci.T London: John Murrey, 1845.P. 311390.

9. LonguetHiggins M.S., Fenton.D. On the mass, momentum, energy and circulation of a
solitary wavell // Proc. Roy. Soc. ¥l. A340.7 London, 19741 P. 471493.

100 ECt6jjo 1. RrR. ] SCtttej dzvydd oid yHE ls;tstequ-lsq’u;ﬁ
dzr di3d o tsdzdzOdzd [/ / r ktodz 1fl189§.€udA0.1 BRA @dA52.d Isj - dz. W

11.Daily JW., StepharS.C. The solitary wave Its celerity, profile, internalvelocitiesandam-
plitude attenuatiorin a horizontal smooth channel // Proc. 3rd Cdbbastal Engi Berkley: Univ.
of California, 19521 P.13-30.

120 2Ctlj.jr. , i((@EOdcagkzttOdfstclzh jdd] cttOo JlsOydtsd
dzsmMisd obtts?2 Stodlsdy MEts2 MEtstetsMisd dr ©IRRY tctsmlis
Tv 39.1T° 2.Tw. -5B.2

99



WBakCtjjo 1. RrR., J1EMmjo ¢ck. Clsdz@ § € ntj rod d3f o
[ r 1120017 4.74. -80.2

l4Boussinesq J. Theorie des onde et des remo
laire horizontal, en communiquant au liquide contenu dans ce canal des vitesses sensibfement pa
tielles de la surface au fond // J. Mdthauvills. Francei 1872.i Vol. 17.1 P.55.

15.Rayleigh J.W.S. On waves // Phil. Magl876.7 Ser.51 Vol. 1.7 P. 257279.

16.Amick C.J., Toland J.F. On solitary wateaves of finite amplitude // Arch. Ration. Mech.
and Anal.i 1981.i Vol. 76.7 = 1.7 P. 995.

17.St.Venant B. Theorie du mouvement non permanent des eaux, avec application aux cures
rivieres et a | 6introducti on Td&%si Vola7B.efe $847.dans

18) dztslsdzd ¢ 39 JH.drRizMIse j dzdztsMis! tojh jdzd?2 L OHOwd sB
CoOoydd Stdlsdud mMédrms biyd ¢ ¢ zOHEHE j. WD 82 ®PE 120 dzts o
Uu.55.1 7 2.7 ¢.339366.

19.Rayleigh J.W.S. On the stability, or instability of sertain fluid motions // Proadan
Math. Soci 1880.7 Vol. 9.7 P. 5770.

uvjtedzgjte 1. CWWJCIr § d&zPposbkyf theich 3819 g 1 C sMisw = .

21.0rr W.M.F. The stability or instability of a perfect liquid and a viscous liquid // Proc. Roy.
Irish. Acad.i 1907.7 Vol. 27.1 P. 9138.

22.Sommerfeld A. Ein Beitrag zur hydrodynamishen Erkllarung der turbulenten
Flussigkeitsbewegungen // Atti del 4 Conigiternat.Mat. Romai 1908.7 Vol. lll. T P. 116124.

23z dzdrlsddze | . v J stedwi [l 56 tg GodedipditRcltd) 6fiPdzts v .

24 Taylor G.l. Effectof variation of density on the superposed streams of fluid // Proc. Roy.
Soc.i 1931.1 Ser. Ai Vol. 132,71~ 8 2 B..499523.

25.Goldstein S. On the stability of superposed streams of fluids of different densities // Proc.
Roy. Soci 1931.7 Ser. A.i Vol. 132.1 = 8 2 P..524548.

26.Drazin P.G. On stability of parallel flow of an incompressible fluid of variable density and
viscosity // Proc. Cambrige Philos. S©c1962.i Vol. 58.1 = 4.7 P. 546561.

27 Hazel P. The effect of viscosity and heat condurcthn internal gravity waves at a critical
level // J. Fluid Mechi 1967.7 Vol. 30.7 t 4.7 P. 775784.

280 2Ctijo I .RrR., lemdoe ¢. 1., tsd30dztss r.9- 1 dzc
ydesfmls: MHeadetse™ a Isj yd dzd 2 fr]lstGOIso[ d pddeiss @adzdats ?
119937~ 1 w.3540.

29Liu AK., Benney D.J. The evolution of nonlinear wave trains in stratified shear flow //
Studies in Appl. Mathi 1981.1 Vol. LXIV .7~ 3 P. 247-269.

30f O2Isaddzdz 1. | dzflzr : of JuGHOBHEY - .

luz€twjjo J1.rR. [ CStwdbsdqudimédms EmMsesdwr - ctizf
dzdr GCKOodlsOyddzdz = o sdzdzi 2000 tc i¥ dz.4 udig-200dz. d Isg -

32.HlsJUOdZWdzu S.¢., AOBtdCOdzls ¢.[]. tOMTtigmlstcOd

mMedrdzy X i/ / uvMmti i~ di X8 g 45P.MHE d .71 dz83A123.

BukStejjo 1 .rR. Jldzdwdedj dzj dsdzslstsdzdets? L Oa d Md fB3ts
fijtcj BI"doOdzedj] HBYHjOES? OBHT o fHtoj mMdetdz osH ] 3
200571 v 4177 4w. -570.7

41 zCtjio 1. R. l dzdwdzed ] dzj 3 desilstsdzdzts?2 L O9 d Md d3ts
cOMf csMistcOdzj dzdj o Jtelsd S Odzt dats?2 ff dzts MiC280B.1 Istadeq. / /
T 2.1 # 2329.

Brj2dzd ry., MmOtdzj &3Odz T/.. ;mc&@mqsmmﬁmcsmsq
36) tOdzH Isdzr [ . | JHIESO! -mis R &0 EC O5&IIsm, 1969.
370 €ty jo 1 .RrR. CSMmMyjtddyd dzlsOdz! detsy dL Ezyddedd H(
LOHOyYyd swlsts¢CmMO // RLO®. ¢71988dut duf 32.06dz. YdHC. d

38.MehtaR.D. Aerodynamics of sport balls / Ann. Rev. Fluid Methl985.7 Vol. 17.1
P.151-189.

s kStejjo I.RrR., 1EMmjo ¢.1. r1to9dyjddj h OO o >
lted Cdz. d3f -~ Oidd996.6y -~ dB 7 ML .-49.2

100



40.Schiller L. Fallversucd mit Kugeln und Scheiben // Handbuch der Experimtntalphysik.
1932.7 Bd. 4.1 Vol. 2.7 S. 337387.

41f Odgn Oz [ .., [ dWhdy . ] . .qud Hstcy Hsd{daf) dyk OO O W JQ@,
1988.1 733 M.

42 B2 yvdzm€d?2 [ . 1. [ JrOddSO PIBBOEH. d cOL O.

43Viets H., Lee D.A. Motion of freely falling spheres at moderate Reynolds numbers // AIAA
J.1 19711 Vol. 9.1~ 1710P. 20382042.

445 Okdzij dzH ¢ . ¢. wlstokzCIsktcO IskteB zdzj dilf dzts G- RE fHES IS 1S
d dzsmils jotc O IzEfAMBI.T 3 99

45/ " sCddz 5. [ . vskteBlzdzj dzlsdzr 2 MmdzjH L O yddzd dzH tets ¢
[ dz2OBd SO MY dzsh dzsR s e e dteME :5 . RdzMiIsdIskzls e dHttsH ]
1970.7 C. 5155.

460 2Ctejjo J1.RrR., [JrkCdd 5.[., stmistsdzdOn O LIO. ¢.
PHEBBESBIS] COJ d&3" a3 Isj dzsds / / 1 dide@ogdsSi@ s figftiedpts h: HztR2dzmfilpt
tcsHddZOBdSCd v dw.uv20@LR, 1972.

47 Uberoi M.S., Freymuth P. Turbulent Energy Balance and Spectra of the Axisymmetric
Wake // Phys. Fluidg. 1970.7 Vol. 13.7 Is. 9.7 P. 22052210.

48 Reichardt H., Ermshaus R. Impuls und Warmeubertragung in Turbulent Windschatten Hin
er Rotationskorpern // Int. J. Heat Mass Trangfd962.1 Vol. 5.7 Is. 3.7 P. 251265.

101



vrs 626.4:626.5:519.6

stowvr fcteusrRE B[ f1RE
(vouvy Lo lferv L1 ov R, HitddIrgsiurry ,

lrtelrsorlz VoM Jauryd P {r3cfrrsdl)

[. A OmMdtd jb. d¢lsOw.ddz %1 Sld.dis.e 3s shzsi.s’e ¢ dzj dzs s
Rdzmisdlskzls otsHdr n d ! Codsedyj Mindihtayn@wepdagcayg o [  ¢1, J
20 [ cf j dze d H te O t§ jIsSj 408, Iz te &
3 sMkzHOtemise jddzr 2 Edzdo jtemdlsjls diisil$ tsemaidkoldsdy Bd@neisiu ¥ dzts s O,
I sotsmdedteMS d2 ¢k Ofiksasddrd? d® RN disg® |5 iakprgzident@sidstentsfiy d B d to fi

RL 9 J Mlsdsts, Yylss o MmMewrd M eLojHjdd] B s tcOmdats
ROwsh dyv f§ o Gl eest s H iy 20 & vissB' &fCodHdise Ols!
Gjhjdts LOftesjSlsduso Ol! o MsMsOoj {ksSEs CdHEEE
qizd MHsfsHi j BdCO. 1 sfdj ©OMhMdsle] ddY £sdjj
dzr 7 Mststolzyoj'dedtlOde rod®tcd Odals f totsH sz detse 5 dzO Hazts dzdzts
B2 CO®Rjtes?. (¢t fsjShkdtse Odedj o5 L Oded BOdzMw d dz

dzHBYf sHI J d&3ded & stcOMdesW teMC e ts ¢ dfitcHstzl w20 g (fdddaddSd:
Stz j dzti@76%). osW d yd Odz! des B'" dz L Off 18982¢ d& godzQ Ctdn@ LdzigjOIsjO
jet &0 swOmMdswiemMSsd cqdHiskL dzj §fi5€ 9k OEHEO dfOs wads(dn
Iy dzj 65 SHABHGESEE $ORO®O, ddL o 56 o SipHiddDlSHpEE
bt MdsptOn so 5éts MeHso L dese s  kisd .

seOMMO MEHsfsH jBdzdC O (oelamdB. § & diz] g tsiE 8 ¢
qHieskZL &ZO d MmMsftwwy jddw ddLtseatsets o jttntsoatsets
Bjils § o stetsls diplyo tizthjs efs@sdds 0 s O¢ ddL sos2, 5O
cBf). wOMMudlsOdy dz0 1§ ity s KL dsjptEr s Hed diists H kizw
SH

G
(
o O) o dgjJ MmikzHdzO.

tdfy. stOmMdswemMCd2 cdHEskL j &
102


mailto:atavin@iwep.nsc.ru
mailto:kolosov_34@mail.ru
mailto:prezident@sibstrin.ru
https://ru.wikipedia.org/wiki/%D0%A1%D1%83%D0%B4%D0%BE%D0%BF%D0%BE%D0%B4%D1%8A%D1%91%D0%BC%D0%BD%D0%B8%D0%BA
https://ru.wikipedia.org/wiki/1976_%D0%B3%D0%BE%D0%B4
https://ru.wikipedia.org/wiki/1982_%D0%B3%D0%BE%D0%B4
https://ru.wikipedia.org/wiki/%D0%90%D0%B2%D0%B0%D0%BD%D0%BF%D0%BE%D1%80%D1%82
https://ru.wikipedia.org/wiki/%D0%9F%D0%BE%D0%B2%D0%BE%D1%80%D0%BE%D1%82%D0%BD%D1%8B%D0%B9_%D0%BA%D1%80%D1%83%D0%B3
https://ru.wikipedia.org/wiki/%D0%9F%D0%BE%D0%B2%D0%BE%D1%80%D0%BE%D1%82%D0%BD%D1%8B%D0%B9_%D0%BA%D1%80%D1%83%D0%B3

il

T

tdm. 2. tOoLdi"jdd] MEzH el gikddijo do st
1if dzsls Qiadj ton so 52 Mk H Bioftslods s Isfdiasly! ;EMistes2 Mise t5;
4idzdL sots?2 MEHtseotsLdz 2 (lkis! .

tdfm. 3. 1 dLteat? tjd Mser 2 MEuHtseotL dr 2
dzHtso BL dzZOVW C ORI O ftojHMISOodw jls MtsB 2 H{HEzOISW 5

Isdih dted dets? OR s(@gdifn. rodyjdedj CORjtr M jMd-o dvjl
OoHO (tedfm. 5) .

103


https://ru.wikipedia.org/wiki/%D0%A8%D0%B8%D1%80%D0%B8%D0%BD%D0%B0_%D0%BA%D0%BE%D0%BB%D0%B5%D0%B8

{ Mdztso dzr |

{ d#.

t dfm.

5. JdHtesftcdotsH f jtojHoadyjddWw MEkHT

f OteOdj st MEHsfsH! j Bded S O:

t6 Oy jelectz@vs § S H i 1 3z G0

fsdzj L dz" §
sBhdj cOB

NsBEDO &:
BOMMO ®Adkj ®4sHE500 s, ) dEHISO0 dlskH desds
fdtedfOH EkZtetsods 2 dBBiBilzj a{ddedd3s; d o ton dzd o3

COBOWEdls’ ki, s L" AREBUEECO digzlz & o 2123078 D"
Otedls’ Mk shMIMES JUDHEECs ‘G0 S mdr @z’ dzC

104


https://ru.wikipedia.org/wiki/%D0%93%D1%80%D1%83%D0%B7%D0%BE%D0%BF%D0%BE%D0%B4%D1%8A%D1%91%D0%BC%D0%BD%D0%BE%D1%81%D1%82%D1%8C_%D1%81%D1%83%D0%B4%D0%BD%D0%B0
https://ru.wikipedia.org/wiki/%D0%A2%D0%BE%D0%BD%D0%BD%D0%B0
https://ru.wikipedia.org/wiki/%D0%91%D1%8C%D0%B5%D1%84

ydmazs cdHticsB@BslssteBd56d s stedzr - S tsdzi My
HJOM Istc o stes BB EZMistes2 Mise O
- ftejHydz dzr §J tOL a3 to7  IsteCodefipifds 80 5 Hizjlz® s @@ H & BOH dgO
[Bh OV Co@RffsEasbEY j dd?2 MEHutsftsH] j@3ddSO0 ftj HMisOs
totsj Csdtetso Odzdd  stsets kZdzdC Odz desets MBS tots
d Y djda (de. oo JROSAENMS sTCES s ddy jdatajds i
28" "N joOdfigf REBERS W MOOHME d] d + CMY J tod s,
ts MEde' = Mt dzp§ datf 2zdzties 5 s G S i @i L jafdad Y As ©
J B3 MEHtsSAtBHd » Mtsstelkzy jdzd?2 1 tOMESEets 6 dHT
o[ tc] Odzd L s OdiEd)ls.y dzfj fdzlzts dsdg~ s Jdnfilag detso ©dzd 2 BT
fitejJLHO [d&IEO AJHBSOdUO o 1 teatsmded
dlskzls © GdHtGBHddZOd3Cde 4] ¢1 1 BeBEBMd JBMH®, o
Jd Btd "2 ydid s dps k] dbsioss jds dud §ff
sddztse s MEzHutsf sHi j d3dzd € O. Clsd dMmmdzj Hso Oded v |
sMoO=a, MowL Odzgdzr » M bicOdhf stclsdtctso C 52 wkzH B
J
d

g§830=
© T =Y
o=
# =
®

@ w
=)

te
4

Fgow

&

dzd € O: Bftej HJ dzdIls! sMmdztso dzHits ofts@ tal@sR] [SCld d3j11dS
oHO fjtejHodyjdedwV), tBtMdeso Ols! t6j &3 j G
HBf BHI Jdidzd O o MwOodzj dzdd M ISteOHdyd tsdade’ d3g- h dzs L
ELdse, Is. Jj. HOI' ftddts] d&Okzydas] dzt By fshhdss-© dzi s
Nidzdw, OdzOdzsetse Ctltstetsdz dzjls o o dzOfmlstswh jj ots

t OLtcOBtSIsOdzdz" | © ftetsyiMmMmj 1Isdr dMmMmdz Hise Odzed 2
HOdz! dgj 2h jd3 dzOh dzd G tedd3j dzj dedjJ o Isjtstedd Mkzmmsn SH A
dzso Odzedd dr cOB@EEREsaH O fthtcj Hdzsy J dedwW 65 § ted dzy
Fojddud ddr ftsflkzmtds?2 mf shtsedtsMmisd M dz¥ L tso .

Ilfji 1Id oftesmr IstcjBtsoa Odzd Ish Olsj dz' desects d ffdzj
sBtsMdetse Odzdz" » ftoj HdzsY Jdzd?2 HAzYW ftetsy SsduetsedEtso .
ftecdosHO adkOp iz ¢ Ctlstste” 2 st Oglzs) 8OMEOEBOE sl
d dals jHEdoWsW j toj deyd Odz! dgf = kZtcOQodzj dzgd2, s dfmr e @8 h dn fiy
COoOBjtej, O BLOCY)] odzEyddz ZtcOodzj dedj, sf dfypss O h j
o0k j B3 cdHicsftcdoBHO. 1 ZOEBHOtLY 1 IssdBz ftegyCIsdte
s hdj drn osftsmr .

oo ge
FAGOFgG “FN—F&
= T E S

8_

-
—= ¢ Fyuceu

tdfm. 6. stOMmdesw tcmC d 2 mszquiJQ&d
174 dztsls d taPte d RO dzr 9 | to midajjctes 8o f jj¥ Gftcirtiedefs;t 8 d Is dzOw  fnls j dz
8i ff 50 5 to tizlddstinjts 2 fijls eis;0CPOH O dzd L Gaesof s ZIsH 0

105


https://ru.wikipedia.org/wiki/%D0%A1%D1%83%D0%B4%D0%BE%D0%BF%D0%BE%D0%B4%D1%8A%D1%91%D0%BC%D0%BD%D0%B8%D0%BA_%D0%9A%D1%80%D0%B0%D1%81%D0%BD%D0%BE%D1%8F%D1%80%D1%81%D0%BA%D0%BE%D0%B9_%D0%93%D0%AD%D0%A1#cite_note-.D0.9B.D0.B5.D0.BD.D0.B3.D0.B8.D0.B4.D1.80.D0.BE.D0.BF.D1.80.D0.BE.D0.B5.D0.BA.D1.82-1
https://ru.wikipedia.org/wiki/%D0%9C%D0%B5%D1%82%D1%80

l sosklsds] kMsts? Mo ts

l scotstetslsdatsy bEfstets2Mmlsots ftoj HdzOL dgOyj dets Hdzv f j to,
9 Httkzets?2 J dzdd=zgs Oojdegty dzlsfdestsh OH S 2. [ dets o € dzs yOJ Is
Cozetsdjap Msor d3d Hklswdd  yYd dzstcOdz! dgzs f stclz,
BOMSCO f dzORBHWH jIMw &0 dzj2 o ftesyjmmj MEHsY ot
dzdw dzOf tcQodzj dzed™w JJ HodYJjdedW -BIs tHdsects B! WO €

[dzv  or widej dedv, SOOgesde P Mzkd)sL &ZOY ¢ Od
Efmistes2Milsej od3iMmlsy M d&OSsSHWH B o dzj 2 fife-H dzsd3
BdtemMS e s dMiesdelstgdints detsets ddemisdlskzlsO ddz. 1 .jl-. sk
tod dzj dgls Odz' dzOW EkMmisOdetse € O 2dtplsioj@zdd ff B s fsis flztkc s §f &M
[. A l OMmMddzr jo O Mitedd 1+ S jteddzj delstso  tcOL dzd ydz' =
EMmistes2Mlsey d o MkHtetL dzts?2 COdd ted, o d3di Misim-Mm dzO
fMdzj Hse Oded V¥ f sL o sdzd dzd H Ols'o sufldcasififs r, S tdstsjtsttds dfj te tsfeRh o

tdfm. 7. dn]J BO footsslsdsets EkMmistes2 M

tdm. 8. 1 sotttlsdtsy BEMistets2 Misa s

106



